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INTERPOSITION AND LATTICE CONES OF FUNCTIONS
BY

JORG BLATTER AND G. L. SEEVER(!)

ABSTRACT. A lattice cone of functions on a set X is a convex cone
of bounded real-valued functions on X which contains the constants and which
is closed under the lattice operations. Our principal results concern the rela-
tion between closed lattice cones on a set X and certain binary relations, called
inclusions, on the power set of X. These results are applied to interposition
problems, Csdszar compactifications of quasi-proximity spaces, the compactifi-
cation of Nachbin’s completely regular ordered topological spaces, and a prob-
lem in best approximation.

1. Introduction and basic definitions. Let X be a set, and let K, L and M
be subsets of B(X), the space of all bounded real-valued functions on X. We say
that K interposes the pair (L, M) if whenever fE L, g€ M and f < g (ie. f(x)
< g(x) for all x € X) there is an & € K such that f <k <g. In the case that K,
L and M are closed lattice cones (of functions) on X, that is, closed(®) convex
cones in B(X) which contain the constant functions and are closed under the lat-
tice operations, we shall obtain a condition necessary and sufficient for K to in-
terpose (L, M). This condition is stated in terms of certain binary relations,
called inclusions, on 2% (= set of all subsets of X) which are associated with K,
L and M. An inclusion(®) on X is a binary relation < on 2% which satisfies:

(I,) ForalACX, d<Aand A< X,

(I,) AKB=A4CB,

Received by the editors June 11, 1974.

AMS (MOS) subject classifications (1970). Primary 46E0S; Secondary S4E05, 54F05,
41AS50.

Key words and phrases. Lattice cone, inclusion, interposition, quasi-proximity, ordered
topological space, quasi-proximity compactification, ordered topological space compactifica-
tion, best approximation.

O] During the preparation of portions of this paper, the first-named author was sup-
ported by the Conselho Nacional de Pesquisas, Rio de Janeiro and the Gesellschaft fir
Mathematik und Datenverarbeitung, Bonn; and the second-named author by the
Sonderforschungsbereich 72 at the Institut fiir Angewandte Mathematik der Universitdt Bonn
and by National Science Foundation Grant GP-38539,

(2) B(X) is always taken to be equipped with the topology of uniform convergence.

(3) This term is of our own coinage. Inclusions, under the name topogenous orders,
and idempotent inclusions, under the name topogenous structures, were introduced by
Csdszdr who has investigated them in great detail [6], although from a different point of
view than ours. In particular, portions of the Characterization Theorem (below) are implicit
in Chapter 12 of [6]. Copyright © 1976, American Mathematical Society
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(I;) AUB<L<C+=A<Cand B<(,

(1)) C<ANB=C<Aand C<B,
and < is called an idempotent inclusion if it also satisfies

(I))A<B=3CCX>34<Cand C<B.
An inclusion < on X induces on B(X) a binary relation, also denoted by <, as
follows.

f<g <= {x: f(x) =5} < {x: g(x) >r} whenever 7, s ER, r <s. Note
that for 4, BC X, A < B iff 1, < 15 (= characteristic function of B). We de-
note by C(X, <) the set of all f € B(X) such that f <f£ Our basic result con-
cerning interposition is the

INTERPOSITION THEOREM. Let X be a set and let < be an inclusion on X.
Then the following conditions are equivalent.

(a) <is idempotent.

(b) Forf, g € B(X), whenever f <g there is an h € C(X, <) such that f
<h<g

The relationship between inclusions and lattice cones is given by the

CHARACTERIZATION THEOREM. Let X be a set, < an idempotent inclusion
on X, and let K be a lattice cone on X.

(i) C(X, <) is a closed lattice cone on X, and for A, B C X, A <B iff
there is an f € C(X, <) such that 1, <f<1g.

(ii) The binary relation <y on 2% defined by

A<y B=3f€EK3D1, <f<lp,
is an idempotent inclusion on X and C(X, <g) = cl(K), the closure of K.

The Interposition and Characterization Theorems were announced in [3].
They will be proved in §2. We shall make a number of applications of these
theorems. The first of these applications will be interposition theorems and are
to be found in §3. In this Introduction we limit ourselves to a single example.
First, we need the notion of the product of two inclusions. For <; and <, in-
clusions on a set X, the product of < and <, is the binary relation <; x <, on
2% defined by

A<, x<, B=>3ICCXD4<, CandC<, B.

Note that the product of two inclusions is again an inclusion and that an inclu-
sion < is idempotent iff < x < = <—thus the term. Now let X, L and M be
closed lattice cones on a set X. Then K interposes (L, M) iff <, x <;; C <.
In case K = L N M, the condition “<; x <;, C <" can be replaced by “<; x
<y is idempotent™. As a special case we have the following
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THEOREM. Let X be a topological space, K the set of bounded continuous
functions on X, L the set of upper semicontinuous functions on X, and M the
set of lower semicontinuous functions on X.

(i) (Tong-Katétov [23], [24], [10], [11]) K interposes (L, M) iff X is
normal.

(ii) (Stone [22]) K interposes (M, L) iff X is extremally disconnected.

In §4 we use the Characterization Theorem plus some ideas from func-
tional analysis to prove Csdszdr’s compactification theorem [6, Chapter 16] for
quasi-proximity spaces. A quasi-proximity space(*) is a pair (X, 8) consisting of
a set X and a quasi-proximity 8 on X, that is, a binary relation on 2% which sat-
isfies:

(Q,) ForACX, @54 and A5 & (§ denotes the negation of §).

Q) ANB+ Z=>48B.

Q;) AUBSC+=A8CorBS§C

Q) C6AUB+=C8AorCéB.

Q) A5B=3CCXD45Cand (X~ C)3B.

The notions of quasi-proximity and idempotent inclusion are equivalent in that
if & (resp. <) is a quasi-proximity (resp. idempotent inclusion) on X, then the
relation < (resp. §) on 2% defined by

1Q A<B=A5(X~B)

is an idempotent inclusion (resp. quasi-proximity) on X. For § a quasi-proximity
on X, we define C(X, 8) to be C(X, <), < the idempotent inclusion defined by
& via (IQ). Also via (IQ) we shall speak of the quasi-proximity defined by a lat-
tice cone K on X: the quasi-proximity corresponding to the idempotent inclu-
sion <y defined in the Characterization Theorem.

Now let (X, 8) be a quasi-proximity space. (X, &) has a natural topology—
as it turns out, the smallest topology on X which renders continuous the mem-
bers of C(X, §)—which we denote by 7(8), and all topological notions concerning
(X, 8) refer to this topology. A compactification of (X, ) is a pair ((Y, n), k)
consisting of a compact Hausdorff quasi-proximity space (Y, ) and a mapping

k: X — Y such that
® g is a quasi-proximity embedding, i.e. 4 8 B iff k[A]n «[B].

® k[X] is dense in Y.
The Csdszar Compactification Theorem states that (X, ) has a compactification
and, up to equivalence (defined in §4), only one.

(%) Quasi-proximity spaces were introduced by Pervin [17]. Pervin’s definition was
not quite correct in that Proposition 4.5 does not follow from his definition. Steiner [21]
filled the gap in Pervin’s definition and proved 4.5.
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In §5 we use the Csdszdar Compactification Theorem to describe the order
compactifications and Nachbin compactifications of Nachbin’s completely regular
ordered topological spaces [15]. Since quite a number of definitions are required
before these compactification theorems can be stated, we limit our discussion
here to the remark that they are modelled on and carry as a special case Smirnov’s
description, in terms of certain proximities(®), of the topological compactifica-
tions of a completely regular topological space [19], [20].

In §6 we conclude the paper with an approximation theorem which ex-
tends a theorem of Nachbin [15, Appendix, §5, Theorem 6]. Namely, if X is a
set, X, a subset of X, K a closed lattice cone on X, and if Ky = {k€K: kis 0
on X,}, then for any f € B(X), there is a ky € K, such that ||f — k,ll =
inf{lIf - kll: kK € K,}. Nachbin proved this theorem for the case that X is a
compact Hausdorff space, X, = &, and B(X) is replaced by C(X). If in our set-
up one takes X, to be &, then our result follows easily from Nachbin’s. Nachbin
also gave a formula for inf {|If — kll: X € K;}. We shall give a distance formula
in terms of the quasi-proximity defined by K and show that in Nachbin’s set-up
our formula reduces to his.

2. Proofs of the interposition and characterization theorems. We collect
all the elementary facts about inclusions that we shall need in the following

2.1. ProroSITION. Let X be a set and let < be an inclusion on X.
(i) ACB<L<CCD=AXD.
(i) A, <B,,4,<B, =4, N4,<B, NB,and A, UA,<B, UB,.
(iii) (Forf, g h k€BX)),f<g<h<k=>f<k
(iv) fvg<h<=f<hand g<h.
V) h<fAge=h<fand h<g
(vi) 18, /258 =>f1/\f2<gll\gz andf,Vf2<g,Vg2.
(vii) f1<gpf2<82 =>fi+fL,<g t&.
(viii) f<g, 0<a€R=af <ag
(%) If {f,}nen and {g,}.cn are sequences in B(X) which converge,
respectively, to fand g, and if f,, < g, for all n €N, then f<e
(x) f0<fEBX),0<tER andif A < {x: f(x) =1}, thentl , < f.

Proor. (i) AUB=B<Candsoby (I;)4<C. A<C=CNDand
so by (I;) A<D.

(i) By (i) 4, N4, <B,and 4, N4, <B,. By(l;) 4, N4,<B,
N B,. Likewise one sees that A, U A, < B, UB,.

(5) A proximity is a symmetric quasi-proximity, i.e. 4 § B = B & A. This definition
of proximity is due to Efremovi¢ [8], [9] although the general idea dates back to F. Riesz’
[18] address to the 1908 International Congress of Mathematicians.
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(iii), (iv), (v) and (vi) follow, respectively, from (i), (I), (I,) and (ii).
(vi) Letr,s€R, r<s. Sete=(s-r)/3. We assert that

1) :(fy +£,)x) =51 C nler {x: fy(x) >s - ne} N {x: f,(x) = (n — 1)e}.

Let (fy +f,)(x) =5 Let n € Z be such that s — (n — 1)e > f,(x) =5 - ne.
L(x)Zs-fi(x)>s=(s—(n—1)¢) = (n — 1)e. Thus (1) holds. Forn €Z,
{x: fi(x) =5 —ne} < {x: g,(x) =5 — (n + 1)e},

{x: £,00) = (n - e} < {x: g,(x) = (n - 2)e}
and so by (ii) we have
{x: f1(x) =5 —ne} N {x: f,(x) = (n - 1)e}

< {x:g(x)=5s—(n+ 1)e} N {x: g,(x) = (n — 2e}.

0]

Clearly,
{(x:8,(x) 25— (n+ e} N {x: g,(x) = (n - 2)e} C {x: (g, +g,)(x) =5 — 3€}

= {x: (g, +&)x)=r}
and so by (i) and (2) we have

{x: fL(x) >5 - ne} 0 {x: £,0) > (- e} < {x: (&, +g,)(x) >1}.

Since f, and f, are bounded, all but a finite number of the sets which appear in
the union in (1) are empty. By (I;) (plus a simple induction)

ler {x: fi(x) =5 —ne} N {x: f(x) = (n - e} < {x: (g, +8,)x)=>r}.

By (1) and (i) {x: (f; +£,)(x) =5} < {x: (g, +&,)x) >r}.
(viii) is trivial.
(ix) Letr,s€R,r<s Sete=(s—r)/3. Let n €N be such that
If = full, lg —gull <e.

{x: f(x) =5} C {x: f,(x) =5 - €} < {x: g,(x) >5-2¢}
C {x:g(x) =5 -3¢} ={x: g(x) =>r}.

(x) Set B = {x: f(x) >t}. By hypothesis 1, < 1, and so by (viii) #1,
<tlg. Since tlg <[, it follows from (iii) that 71, < f.

2.2. PROOF OF THE INTERPOSITION THEOREM. We first dispose of the
simple implication “(b) = (a)”. Let 4, BC X, A<B. 1, <1, so that by (b)
there is an f € C(X, <) such that 1, <f<1g. Set C= {x: f(x) > %}. AC
{x: f(x) > %} < C <{x:f(x) > %} CBand so by 2.1()) 4 < C<B.



70 JORG BLATTER AND G. L. SEEVER

Now suppose (a) holds. Let f, g € B(X),f<g Ifa,FER,a>0,and if
h € C(X, <) is such that a(f + B) <& < a(g + ), then h/a — g € C(X,<) and
f<hla-p<g Thus we may assume that f > 0 and that g(x) <1 forall x €
X. Suppose for the moment that we have constructed a sequence {h,},cy in
B(X) such that for each n €N,

(1) o<h, <1,

2 h,<g+2™,

B) {x:h,(x)=k+1)2"} < {x: h,(x) >Kk/2"},all kEZ,

@ {x:fx)=k+1)2"} < {x: h,(x) =k[2"},all kE Z,

® h,-3-27"'<h,  <h, +3-27"71
By (5) {h,},eNn converges, say to A, and by (5) and 2.1(ix) » < h. By (2) and
2.1(ix) h < g and hence h <g. We assert that b, + 27"*! >ffor all n. Let
x € X. Let k € Z be such that k/2" > h,(x) = (k — 1)/2". By (4) f(x) <
(k + 12" <h,(x) + 27", Thus f<h <gand h € C(X, <).

We now construct the sequence {h,},cn. Set #; = 0. (1)—(4) hold for
n=1. Suppose h,, ..., h, have been chosen such that (1)—(4) hold for 1 <
n<mand (5)forl1 <n<m Fork€Z,set

A, = {x: f) = (k + D2™F 1Y U {x: h,,(x) = (k + 2)2" 1Y,

B, = {x: g(x) = (k- 12"} 0 {x: b, (x) > (k - 3)2" 1}
The first step in the construction of 4, , , is to show that
) A, < B,.
Since f<g,
{x: f(x) = (k + 1271} < {x: g(x) > (k - 1)/2m+1},
and since h,, < g +27™,

;x hm(x)>-§m—+.|.—21—§ gx:(g+2—"')(x)>k+lz ; 1 8(x) > ""“z
By (13)
) Ay < {x: g(x) = (k- 1D))2m+1y,

LetjE€Zbe suchthat k — 1 <2j <k
x: fx)y>k+ 1)/2'"“} C {x: fx) =j2™}
< {x: h,(x) > (G - 1)/2™} C {x: h,,(x) > (k - 3)2"*1}.

(x: by (x) = (k + 2)2" 1} C {x: b, (x) = (G + 1)2™)
< {x: hy(x) =j2™} C {x: h,,(x) = (k - 3)[2m 1},
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Again by (I,)
®) A < {x: b, (x) = (k—3)2m+1}.

We now obtain (6) from (7), (8) and (I;). We next construct C, . . ., Com+1
C X such that

€)) A, <C,<B,, k=0,...,2"",

(10) C,<Cieys k=1,...,2""L

Since < is idempotent, there is a C; C X such that 45 < Cy < B,. Suppose p

<2m+1 and Cos - - - » C, have been chosen in accordance with (9) and (10).

A, 1 <ByyyandA4,,, CA,<C,s0that 4,,,<C, NB, . Thus there

isaC,,y CXsuchthat4,,,<Cpyy  <C,NB,,,. Thus we can find C,,
- » Cym+1 Which satisfy (9) and (10). Set

2m+1

- -m-1
m+1 = k\=/l k2" ley:

h

Clearly, h,, . , satisfies (1). For eachk, C, < {x: (g + 27™ V) x) > k2™ *1}
and so by 2.1(x) k - 27" 1, < g + 2771 By 2.1(iv), k., <g +27"7L,
i€. hyyy satisfies (2). Fork=1,...,2"*! (xih, () >k2"m 1} =C,
(since the C, are decreasing) and so by (10) we have

{x: Ry ) = (k + 1271} < {x: by () Z K27,
k=1,...,2"% -

If k <O, then {x: h,, . (x) >k/2"*'} = X, and if k > 2™*!, then {x:
By () = (k+ 1)[2"*1} = @, Thus h,,, ., satisfies (3). By (9)

{x: fGx) > (k + 1)2"+1} < C = {x: by (6) = K[2™H1Y,

k=1,...,2m*,

Ifk <O, then {x: h, , (x) >k/2"*'} = X, and if k > 2™*1 then {x: f(x)
>k +1)/2"*"} = g. Thus hy,, ,, satisfies (4). By (9)

Ce<{x:(h, +3-27""Hx)= k2™, k=1,...,2m+1,
and so by 2.1(x)
ko2 e <hy +3-27770 k=1, 2mL

By 2.1(iv) A,y < h,, +3 277! Nowlet x €X. Let k € N be such that
K27 >h, () > (k- 1)/2mF Ifk=2"%1 + 1, then
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By (6) =1>g(x) > h,,(x) —27™ >h, (x)-3-27""1,

If £ <2™*1 then {y: h,,,,0) =k/2"*'} = C, and s0 x & C,.. By (9),h,,(x)
<k +2)2" <hy () +3-27"7 Thush,,,, =h, —3-27""" and
we are done.

2.3. PROOF OF THE CHARACTERIZATION THEOREM. (i) That C(X, <) is
a closed lattice cone on X follows immediately from (vi)—(ix) of 2.1. Let 4, B
CX. If A< B, then 1, < 15, and so by the Interposition Theorem there is an
FEC(X, <) such that 1, <f<1g. If, on the other hand, 1, <f< 1 for
some f € C(X, <), we have 1 ;, <f<f<1p and so by 2.1(iii) 1, <1g,ie. 4
<B. )

(ii) The relation < is easily seen to be an inclusion on X. That it is
idempotent will follow from the fact that K C C(X, <g)..Thus,let fEK, r, 5
ER,r<s. Setg=1A[1/(s—r)({(f—r)V 0)]. gbelongsto K,is 1 on E = {x: flx)
=5}, 00ff F= {x: f(x) 2r},and 0<g<1,ie. 1 <g<lgie. EXg F.
Therefore f € C(X, <x). Now let 4 <g B. Let fE€K be such that 1 , <f<
1g. Set C= {x: f(x) = %}.

AC {x: f(x) > %} < C<({x: fx)>%}CB

and so 4 < C <¢ B. Thus < is idempotent.

Since K C C(X, <) and since C(X, <) is closed, we need only show that
C(X, <g) C cl(K). Since C(X, <g) and cl(K) contain the constants, it is enough
to show that cl(K) contains the nonnegative members of C(X, <g). Let 0 <f€
C(X, <g). Let € >0, and let NV € N be such that f < Ne. Set £, = {x: f(x)
>net,n=0,...,N+1. Since fECIX, <), E,<g E,_,n=1,...,N
+ 1. Let g, € K be such that g, <g, < lg,_»n= ,...,N+1. f+e=>
nelg,  >neg,n=1,...,N+1l,andsof+e>g= V¥ neg,,.
Let x € X, and let n be such that (n + 1)e > f(x) > ne. x €E,, and so g,(x) =
1. g(x) = neg,(x) = ne > (f — €)(x). Thereforef—e<g<f+e,ie.|f-gll
<e.

3. Interposition by lattice cones of functions. In this section we shall ex-
tend a number of results which were proved or were to have been announced in [2].

3.1. DEFINITION. For X a set and K, L and M subsets of B(X), we shall
say that

K (simply) interposes the pair (L, M) if whenever fEL, gEMand f<g,
there is an # € K such that f<h <g,

K strictly interposes the pair (L, M) if whenever fEL, gEM, and f<g
(i.e. f(x) < g(x) for all x € X), there is an & € K such that f<h <g,

K ultrastrictly interposes the pair (L, M) if whenever fE€ L, g € M, and
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f< g, there is an & € K such that f < h <g and f(x) < h(x) < g(x) if f(x) <
g(x).

The notions of simple, strict, and ultrastrict interposition have their origins
in the following results.

THEOREM. Let X be a topological space, K the set of continuous functions
on X, L the upper semicontinuous functions on X, and M the lower semicontin-
uous functions.

(i) (Katétov-Tong [23], [24], [10], [11]) K interposes (L, M) iff X is
normal.

(ii) (Dowker [7]) K strictly interposes (L, M) iff X is normal and counta-
bly paracompact.

(iii) (Michael [14]) K ultrastrictly interposes (L, M) iff X is perfectly normal.

Our interposition theorems are modelled on the above theorem, and (i) and
(iii) are easy corollaries of our results. (ii) is obtained from our result on strict
interposition via Dowker’s characterization of countable paracompactness [7,
Theorem 2].

We begin with some elementary facts about products of inclusions.

3.2. PROPOSITION. Let X be a set and let < and <, be inclusions on X.
() <, x<, is an inclusion on X.
() If fy €CIX, L)), f, €ECX,<,), and if f, §f2, then f; <, x<, f,.
(i) CX, <,x<,) = C(X, <) N CX, <y).
ProoF. (i) is easily verified.
(ii) Letr,s€ER, r<s.

(£, 35} <, {x: £, > ¢+ 92} C {x: [, > (¢ + 92}
<, {x: fL,x) =1}

and so {x: f;(x) =5} < x<, {x: f(x) =r}. Thusf; <, x<; f,.
(iii) By (ii) C(X, <,) N C(X, <,) C C(X, <, x<,). Since A <, x<, B im-
plies that 4 <; B and A <, B, we have ((X, <; x <,) C (X, <,) N C(X, <,).

3.3. THEOREM. Let X be a set, and let K, L and M be closed lattice cones
on X. Then K interposes (L, M) iff <, x<4y C<g,ie. 4 <, x<yy B=A4 < B.

Proor. (if). Let fEL, gE M, f <g By the Characterization Theorem
L = C(X, <;) and M = C(X, <)), and by (ii) of 3.2 f <, x<;; g. By hypothe-
sis f <g & By the Interposition and Characterization Theorems there is an h € K
such that f<h <g.

(only if). Let A <, x<; B. There isa C C X such that 4 <, C <), B
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and so there exist fE L and gEMsuch that 1, <f<1,<g<1gz. f<gand
so thereisan h €K such that f<h<g 1, <h<lgandso4d<gB
In the case that K = L N M we can sharpen 3.3 somewhat:

34. THEOREM. Let X be a set, and let L and M be closed lattice cones on
X. Then L N M interposes (L, M) iff <, x <, is idempotent.

PrOOF. Set K = L N M. Suppose <, x<,, is idempotent. By 3.2(iii) and
the Characterization Theorem we have C(X, <, x<;,) = C(X, <) N C(X, <py)
= K, and so, once again by the Characterization Theorem, <; x<, = <g. By
3.3 K interposes (L, M). Now suppose L N M interposes (L, M). By 3.3 <, x<y,
C <[ and trivally <; ~pr C < x<ps. Thus <; x<py =<y and 50 <p x <py
is idempotent.

We next obtain as a corollary to 3.4 a result from [2]. We need some defi-
nitions.

35. DEFINITION. Let X be a set, and let C be a sublattice of 2% to which
& and X belong. < ¢ is the binary relation on 2% defined by

A<, B=3CECDACCCB

The smallest convex cone in B(X) which contains the constant functions and the
characteristic functions 1, C € C, is denoted by cn(C) and its closure is denoted
by ¢n(C).

3.6. PROPOSITION. Let X be a set, and let C be a sublattice of 2% to which
& and X belong.
(i) < is an idempotent inclusion on X.

@) C(x<p) = n(0).

ProoF. (i) is easily verified.

(i) C(X,<,) is a closed convex cone which contains the constant func-
tions and the characteristic functions 1., C € C, and so C(X, <) O en(C). Let
0 <f€EC(X,<),and let € >0. Let N € N be such that Ne >f. Let C, € C
be such that {x: f(x) > ne} CC, C {x: f(x) > (n—1)e},n=0,...,N+1.
f+e>nelg,n=1,...,N+l,andsof+e>g= V¥ lnele, =
zN*lele, €cn(C). Let x € X. Let n € N be such that ne > flx) > (n = 1)e.
x €C,_, and so g(x) + € > ne > flx). Thusg > f—e. It follows that ||f - gll
<e.

3.7. PROPOSITION. Let X be a set and let A and B be sublattices of 2% to
Wwhich @ and X belong. Then <,x<g is idempotent iff whenever A € A, B € B,
and A C B, there exist A' € A and B' € B such that ACB' C A' CB.
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ProOF. Straightforward.
The “if’* part of the following result was proved in [2], and the ‘only if”
part was to have been announced there.

38. THEOREM. Let X be a set and let A and B be sublattices of 2% to
which & and X belong. Then cn(A) N cn(B) interposes (cn(A), cn(B)) iff when-
ever A€ A, BE Band A C B, theie exist A' € A, B'€ B such that A CB' C
A'CB.

PrOOF. By 3.6 and the Characterization Theorem <4 = <574 and <g =
<za)- The theorem now follows from 3.4 and 3.7.

We now take up the matter of strict interposition. Although in general the
strict interposition of (L, M) by K does not imply interposition, we do have this
implication in the case that K, L and M are closed lattice cones and K = L N M.

39. ProOPOSITION. Let X be a set and let L and M be closed lattice cones
on X such that L N M strictly interposes (L, M). Then L N M interposes (L, M).

PrROOF. Let fEL,gEM, f<g Let h; €L N M be such that f— % <
hy, <g Suppose h,...,h, €L N M have been chosen such that

W r-27%<n.<gk=1,...,n,

(2 by <hppy <he +27% L k=1,...,n-1
(F-2"""YVh,<gV(h, +27"") and so there is an h,, , €L N M such
that (f =27V h, <h,,, <gV(h, +27"""). Thus we can find a se-
quence {h,},cy in L N M such that (1) and (2) hold for all » € N. By (2)
{h,} N converges, say to h,and by (1) f<h <g

3.10. DEFINITION. Let X be a set and let K be a lattice cone on X. We
shall say that a sequence {4,},cy in 2% K-increases (tesp. K-decreases) to A C
X if U,en4,, = 4 (tesp. N,yenA, =A)and foralln €N, 4, <x A, (resp.
An+l <K An)'

3.11. THEOREM. Let X be a set and let L and M be closed lattice cones on
X such that either —L C M or —M C L. Then L N M strictly interposes (L, M)
iff:

(1) L N M interposes (L, M).

(2) Whenever {A,},cy is a sequence in 2% which L-decreases to @, there
is a sequence {B,},cn in 2X which M-decreases to & and B,D A, foradlln€
N.

(3) Whenever {A,},cy is a sequence in 2% which M-increases to X, there
is a sequence {B,},cn in 2X which L-increases to X and B, CA, foralln €N.

PROOF. We first consider the case that —L C M. Suppose (1), (2) and (3)
hold, and suppose for the moment we have proved
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4 0<geM=>3feLD0<f<g
LetfEL gEM,and f<g 0<g-f€EMand so by (4) thereisanh € L
suchthat 0<h<g-f f+hlR€EL, g—h[2€EM andf+h[2<g-h[2. By
(1) there is a k € L N M such that f + h/2 <k <g-h/2. Since h > 0,f <k
<g. Thus it is enough to prove (4). Let 0<gE€M. Forn €N, set 4, = {x:
g(x) =27"*1}, Since g >0, X = U,cnA,, and since gEM, 4, <py 4,141
for all n € N. By (3) there is a sequence {B,},cy in 2% which L-increases to
Xand A, <B, foralln €N. Set B, = &, and let f, € L be such that 15 _,
<f,<lpg,. Setf=2Z,cN27"f,. Cleally,f>0and fEL. Letx€X. If
g(x) =1, then certainly g(x) = f(x). Let g(x) < 1. Let n € N be such that
27 S ex) 227 (%) = Zpopn2 ¥ (0) < Zps ,27F = 27" <g(x). Thus
(4) holds and so L N M strictly interposes (L, M).

Now suppose L N M strictly interposes (L, M). By 3.9 (1) holds. Let
{4, }nen L-decrease to #. Forn €N, let f, €L besuch that 1, ., <f, <
l4,- Setf= Z,en2 ", FEL and f<1. Thus there is a g € L N M such
that f<g<1. Let B, = {x: g(x) >1-2""*1}. Cleatly, {B,},en M-de-
creases to &, B, = X and for n >2,if x € 4,,, g(x) > fx) > Zp=i27% =1 -
27"*! and so x € B,,. Thus (2) holds. Now let {4,},cn M-increase to X.
Forn €N, letg, EMbesuchthat 1, <g,<1,, . Setg=2Z,n27"g,.
0<g€Mand so there isan fE L N M such that 0 <f<g. Set B, = {x: fix)
>27"*'} (B,},en L-ncreases to X. If x € X ~ A4,,, then f(x) <g(x) =
Teon2 ¥g () < Zp5,27 ¥ =2""*! and so x ¢ B,. Thus B, C A4, and so (3)
holds.

Thus if we are given that —L CM, L N M strictly interposes (L, M) iff (1),
(2) and (3) hold. Now let -M C L. Note that —(-M) C —L and that L N M
(strictly) interposes (L, M) iff (M) N (=L) (strictly) interposes (-M, —L). Thus
we shall be done once we have shown that the pair (—M, —L) satisfies (2) and
(3) iff (L, M) does. If K is a lattice cone on X, then a sequence {4,},ey in 2X
K-increases to X (resp. K-decreases to @) iff {X ~ A4,},en (—K)-decreases to &
(resp. (—K)-increases to X). Thus (L, M) satisfies (2) (resp. (3)) iff (-M, —L) sat-
isfies (3) (resp. (2)).

In the special case that L = cn(A) and M = cn(B), 3.11 takes the following
form.

3.12. THEOREM. Let X be a set and let A and B be sublattices of 2% to
which @ and X belong. Suppose also that either B D A€ (= {X ~A: A €EA})
or A D B°. Then cn(A) N cn(B) strictly interposes (cn(A), cn(B)) iff:

(1) cn(A) N cn(B) interposes (cn(A), cn(B)).

(2) Whenever {A,},cy is a sequence in A which decreases to @, there is
a sequence {B,},cy in B which decreases to & and B, O A, for all n € N.
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(3) Whenever {B,},y is a sequence in B which increases to X, there is
a sequence {A,},cy in A which increases to X and A, C B, foralln €N.

PrOOF. Set L = cn(A), M = cn(B). cn(A°) = —L and cn(B°) = —M so
that either =L C M or -M C L. We must verify that L and M satisfy (1), (2)
and (3) of 3.11 iff A and B satisfy (1), (2) and (3). (1) and 3.11(1) are the
same. Suppose (1), (2) and (3) hold. Let {4,},cy L-decrease to . <, =<,
and so for each n € N there is an 4, € A such that 4, C A, C4,. By (2)
we have a sequence {B,},ey in B which decreases to & and for each n € N,
B,DA,. SetB, =X, and forn>1,set B, =B, _,. {B,},en M-decreases
to @ and 4, C B, for all n € N. Thus 3.11(2) holds. Similarly, 3.11(3) is seen
to hold. Now let (1), (2) and (3) of 3.11 hold. Let {4,},cn be a sequence in
A which decreases to @. {A,},en L-decreases to & and so there is a sequence
{B.} en in 2% which M-decreases to & and for alln €N, B, D 4,,. Let B, €
B be such that B, ., C By CB,,. Set B, = X, and forn>1,set B, =B,_,.
Likewise one sees that (3) holds.

It would be nice if one could drop the hypothesis “~L C M or -M C L”
in 3.11, and, to a lesser extent, it would also be nice if one could replace L N M
by an arbitrary cone. The ‘if’ part of 3.12 was proved in [2] and the ‘only if’
part was to have been announced there.

We now take up ultrastrict interposition. First, some preparation.

3.13. DEFINITION. Let X be a set. For f € B(X), N(f) = {x: f(x) =0},
and P(f) = {x: f(x) > 0}. For K C B(X), N(K) = {N(f): fEK} and P(K) =
{P(f): fEK}.

3.14. LEMMA. Let X be a set and let K be a closed lattice cone on X,
(i) P(K) and N(K) are sublattices of 2X to which & and X belong.
(i) P(K) (resp. N(K)) is closed under countable unions (resp. intersections).
(iii) cn(P(K)) (resp. cn(N(K))) consists of those f € B(X) for which there
is a sequence in K which increases (resp. decreases) to f.

PrOOF. The statements about N(K) follow from the corresponding state-
ments about P(K) and the observation that N(K) = {X ~ 4: A € P(-K)}. Thus
we shall prove only the statements about P(K).

We prove (i) and (i) together. For f, g €K, P(f) N P(g) = P(f A g). Let
{f,} sen be a sequence in K ~ {0}. P(Z,en2 "I, II7"(f,, V O) = U,enP ()
Z= P(0), X = P(1).

(iii) The set L of those f € B(X) for which there is a sequence in K which
increases pointwise to f is easily seen to be a lattice cone on X. Let f€ cl(L).

Let {f,},en be an increasing sequence in L which converges to f, and for each
n€N,let {f, ;},en beasequence in K which increases to f,,. Setg, =Vi;=1f;;-
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Then {g,},cn increases to f. Thus L is a closed lattice cone on X. Let C €
P(K), say C = P(f). Since P(f) = P(f V 0) we may assume that f=0. {1A
nf},en increases pointwise to 1, and so 1o € L. Thus L D cn(P(K)). Now let
FEL. Let {f,},en be a sequence in K which increases to £ Letr, sER,r <
s.

{x: f(x)> (@ +9)/2} = leJN{x: LX) > (@ +5)2} € P(K)

and

{x: f(x) =5} C {x: f(x) > (r +5)/2} C {x: f(x) >7}.

Thus f € C(X, <pk)) = en(P(K)).

3.15. THEOREM. Let X be a set and let K, L and M be closed lattice cones
on X. Then K ultrastrictly interposes (L, M) iff

(1) K interposes (L, M),

(2) <L C <y and <y C<pxy-

Proor. (if). Let fEL g€EM, f<g L C cn(N(K)) and M C cn(P(K))
so that by 3.14(iii) we can find sequences {f,},cn and {g,},cN in K which,
respectively, decrease to f and increase to g. Let # € K be such that f<h <g.
Setk=%,c52"'(f, Ah+g, VH). FS(f, N\h+g,Vh)2<gforaln
and so f <k <g If f(x) <g(x), then for some n, f(x) < (f,, Nh +g,Vh)x)/2
< g(x) and so f(x) < k(x) < g(x).

(only if). Clearly, K interposes (L, M). Let A <; B. Let f € L be such
that 1, <f<1p. Since fEL and f<1 €M, there is an 2 € K such that f <
h <1 and f(x) <h(x) <1 whenever f(x) <1. ACNMh-1)CBandso 4
<uk) B- Now let 4 <;; B. Let g € M be such that 1, <g<1p. Sinceg €M
and g = 0 € L, there is a kK € K such that 0 <k <g and 0 < k(x) < g(x) when-
ever 0 <g(x). 4 CP(k) C B and so 4 <p)B.

In the special case that K = L N M, we can replace (2) by a weaker condi-
tion.

3.16. THEOREM. Let X be a set and let L and M be closed lattice cones on
X. Then L N M ultrastrictly interposes (L, M) iff

(1) L N M interposes (L, M),

(2) < C<yny and <y C<py-

ProoF. Since N(L N M) C N(M) and P(L N M) C P(L), condition (2) of
3.15 implies (2) of 3.16. Now suppose (1) and (2) hold. Let 4 <, B. Let f€
L be such that 1, <f<1p. L C cn(N(M)) and so there is a sequence {g,},eN
in M which decreases to f. By (1) there is an A, € L N M such that f<h, <g,.
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{AP_ 1} en decreases to fand so f € cn(N(L N M)). Thus 4 <wwnm B
Likewise one sees that if 4 <), B, then A<y npr) B-

3.17. COROLLARY. Let X be a set and let A and B be sublattices of 2%
to which @ and X belong. Then cn(A) N cn(B) ultrastrictly interposes (cn(A),
cn(B)) iff

(1) cn(A) N cn(B) interposes (cn(A), cn(B)),

(2) A C B; (= intersections of sequences in B) and B C A, (= unions of
sequences in A).

ProOF. Suppose (1) and (2) hold. Set L = cn(A) and M = cn(B). We
must show that A C N(M) and B C P(L). Let 4 € A. By (2) there is a sequence
{B,},en in B such that 4 =(,cnB,. Let f, € cn(A) N cn(B) be such that
1, <f, <1g,. Then 4 =, cyN(f, - 1) € N(M). Likewise it is seen that
B C P(L). Now suppose (1) and (2) of 3.16 hold. We show that N(M) C B,.
Let f€ M. For each n € N, there is a B,, € B such that N(f) = {x: f(x) = 0}
CB, C {x: f(x) =>-1/n}. Clearly, M(f) =(,cnB, € B;. Likewise one sees
that P(L) C A,.

The ‘if* half of 3.17 was proved in [2] and the ‘only if’ half was to have
been announced there.

4. Quasi-proximity spaces and the Csdszar Compactification Theorem. In
this section we derive a number of properties of quasi-proximity spaces—most of
which are necessary for the proof of the Csdszdr theorem, but some of which are
of interest in themselves—and, of course, we prove the Csdszdr Compactification
Theorem. Our basic theme is that just about every property of a quasi-proximity
space (X, 8) can be expressed in terms of the lattice cone C(X, §) and, as a rule,
quite neatly expressed. A case in point is Proposition 4.7.

We begin with a formalization of this basic theme in the language of cate-
gories. The category of quasi-proximity spaces has for its objects, naturally,
quasi-proximity spaces, and for (X, 8) and (Y, 1) quasi-proximity spaces, the
morphisms of (X, §) to (Y, n) are those mappings ¢: X — Y which are such that
for 4, B C X, if A & B, then p[4] n¢[B]. We call such mappings quasi-proxim-
ity mappings. We can also form a category L whose objects are pairs (X, K), X
a set and K a closed lattice cone on X, and for (X, K) and (Y, L) objects in L,
the morphisms of (X, K) to (Y, L) are those mappings ¢: X — Y such that fo ¢
€K forall f€ L. We shall see that the category L and the category of quasi-
proximity spaces are isomorphic. However, before pursuing this further, it will be
convenient to have reformulations, in terms of quasi-proximities, of the definition
of C(X, 6) and of (i) of the Characterization Theorem.
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4.1. PrRoPOSITION. Let (X, §) be a quasi-proximity space.
(i) For f€B(X),f€ C(X, 8) iff inf f[A] < sup f[B] whenever A5 B.
(ii) For A, B C X, A § B iff inf f[A] < sup f[B] whenever f € C(X, 5).

ProoF. We first prove that if f€ C(X, &) and A4 § B, then inf f[4] <
sup f[B]. Recall that C(X, §) = C(X, <), where < is the idempotent inclusion
on X obtained from § via (IQ) (in §1). Suppose inf f[4] = s >r > sup f[B].
AC{x:f)=s} <{x:f(x)=>r} CX~Bsothat A <X~B, ie.A5B.
This takes care of the ‘only if* parts of (i) and (ii). Now let f € B(X) be such
that inf f[4] < sup f[B] whenever A8 B. Letr,s €ER,r<s. Set 4= {x: f(x)
=5} and B = {x: f(x) =>r}. Sinceinff[Ad] =s>r>supf[X~B],A§(X ~B),
ie. A <B. Thus (i) is proved. Now let A §B. A < X ~ B and so by the Char-
acterization Theorem there is an f € C(X, §) such that 1, <f<1y.p. inff[4]
=12>0 =supf[B].

42. ProrosITION. Let (X, 8) and (Y, n) be quasi-proximity spaces, and
let 9: X — Y. Then the following conditions are equivalent.

(a) v is a quasi-proximity mapping.

(b) FEC(Y, n)=fop€EC(X, ).

PrOOF. (a) = (b). Let fE€E C(Y, n). Let A8 B. ¢[A] ny|B] so that by
4.1(1) inf f[p[A]] <supfle[B]]. fle[4]] = (f° ¥)[A4] and flv[B]] =
(f o ¥)[B] and so inf(f o Y)[A] <sup(fo ¢)[B]. Again by 4.1(i) we have fo ¢
€ C(X, 6).

(b) = (a). Let A8 B. For f€ C(Y, n), inf f[p[4]] = inf(f o v)[4] <
sup(f o 9)[B] = sup f[p[B]] and so by 4.1(ii) p[4] n ¢[B].

The isomorphism of the category of quasi-proximity spaces and the cate-
gory L is now easily constructed via 4.2 and the Characterization Theorem. It is
also easy to see that this isomorphism induces an isomorphism between the full
subcategories whose objects are proximity spaces (i.e. quasi-proximity spaces
whose quasi-proximities are symmetric) and those objects (X, K) of L for which
K is a closed vector sublattice of B(X) which contains the constant functions
(see [S]).

There are three natural topologies on a quasi-proximity space, and these we
now discuss. Let (X, 8) be a quasi-proximity space. For 4 C X, cls(4) is de-
fined to be {x € X: {x} § A}. The relation §~' (= {(4, B): B6 A})isalso a
quasi-proximity on X and so defines an operator cl, ;. We wish to prove that
clg and cl; —; are Kuratowski closure operators on X, but first we need a lemma.

4.3. LeEMMA. Let (X, 8) be a quasi-proximity space, and let A, B C X. If
A& clg(B), then A8 B.
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ProoF. Let f€ C(X, 8). If x € clg(B), then f(x) <sup f[B]. Thus
sup f[cls(B)] <supf[B]. Since A & cls(B) we have inf f[4] < sup f[cl;(B)]
and so inf f[4] <sup f[B]. By 4.1(ii) 4 6 B.

44. COROLLARY. A8 B if clg—1(4) 8 clg(B).

PROOF. cl,_;(4) & cly(B) = cl;—1(4)6 B=B 5" cl,~1(4)=Bs™" 4
> A8B.

4.5, ProrosiTION.(®) Let (X, 8) be a quasi-proximity space. Then clg and
cl 5—1 9re Kuratowski closure operators on X.

PrOOF. We must show

(1) ds(2) = 2,

(2) A Cclg(A),

(3) cls(4 VU B) = clg(4) U cls(B),

4) cls(4) = clg(cls(4)).
(1) follows from (Q,), (2) from (Q,) and (3) from (Q,). By (2) clz(4) C
cls(cls(4)). Let x € clg(cls(4)). {x} & clg(4) and so by 4.3 {x} 5 4,ie.x €
clg(4). Since 87! is also a quasi-proximity we are done.

4.6. DEFINITION. Let (X, §) be a quasi-proximity space. The topologies
defined by cl; and cl; - are denoted, respectively, by 7,(8) and 7,(8). The su-
premum of 7,(8) and 7,(8) is denoted by 7(8) and is called the topology of (X, ).

4.7. PROPOSITION. Let (X, 8) be a quasi-proximity space.
() The sets of the form {x: f(x) > 0}, f € C(X, §), form a base for

7,(6).

(ii) The sets of the form {x: f(x) <0}, f € C(X, 8), form a base for
7,(8).

(iii) The sets of the form {x: f(x) > 0 > g(x)}, f, g € C(X, 6), form a
base for 1(8).

Consequently, 1(8) (resp. 7,(8), resp. 7,(8)) is the smallest topology on X
Which renders the members of C(X, §) continuous (resp. lower semicontinuous,
resp. upper semicontinuous).

PrOOF. (i) Let x € UE 7,(8). x ¢ cls(X ~ U) and so {x} § (X ~ V).
By 4.1(ii) there is a g € C(X, 8) such that g(x) >s =supg[X ~ U]. Setf=
g—s Thenx € {y: f(y) >0} CU. Clearly, {y: f(y) >0} € 7,(5).

(ii) follows from (i) and the observations that 7,(8) =7,(6") and C(X, §7")
=-C(X, 5).

(6) See footnote 4.
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(iii) follows from (i), (ii) and the observation that the sets of the form U N
V, U€E 1/(8), V € 7,(8) form a base for 7(5).

A natural conjecture is that C(X, 8) consists of those f € B(X) such that f
is 7,(8)-lower semicontinuous and 7,(8)-upper semicontinuous. Natural, but, la-
mentably, false.

4.8. ProposSITION. Let (X, 8) and (Y, 1) be quasi-proximity spaces, and
let . X — Y be a quasi-proximity mapping. Then o is continuous.

PrROOF. Let x € X and let U be a neighborhood of ¢(x). By 4.7(iii) there
are f, g €C(Y, n) such that (x) € (Y EY: f())) >0>g()} CU. x€V =
(WEX: (fo )W) >0>(g° v)W}, ¢[V] C U, and by 4.2 and 4.7(iii), V €
7(8).

The following lemma serves as motivation as well as preparation for the
proof of the Csdszdr Compactification Theorem.

49. LEMMA. Let (X, 8) be a compact Hausdorff quasi-proximity space
and let y: C(X, §) — R satisfy

Q1) y is additive and RT -homogeneous,

(2) y preserves the lattice operations,

(3) y preserves constants, i.e. for c ER, y(cly) = c.
Then there is a unique x € X such that y(f) = f(x) for all f € C(X, §).

ProoF. For f€ C(X, 8), set A, = {x € X: y(f) = f(x)}. The Agare
clearly closed and we assert that {4: f€ C(X, 8)} has the finite intersection
property. Let f,,...,f, € C(X, 8) and suppose that ﬂ}'= 1Ag; = @. For any
X € X, there is an i such that y(f) # f(x), i.e. max{f;(x), y(f)} >
min {f;(x), ¥(f;)}. Setf=Z_ f, v y(f)and g=ZL  f; Ay(f}). For each
X € X, f(x) > g(x) and so there is a ¢ > 0 such that g + ¢ <f. y(f) = ZL ¥(f)
= y(g), and y(g) + ¢ = y(g + ¢) < y(f), a contradiction. Thus there is an x €
ﬂ{Af: fE€ C(X, 8)}. Obviously, f(x) = y(f) for all f€ C(X, §). Since C(X, &)
separates points there is at most one such x.

4.10. CsASZAR COMPACTIFICATION THEOREM. Let (X, 8) be a quasi-prox-
imity space.
(i) (X, 8) has a compactification.
(i) If (Y, n) is a compact Hausdorff quasi-proximity space, and if k: X
—> Y is a quasi-proximity mapping, then the following conditions are equivalent.
(@) ((Y, n), k) is a compactification of (X, 6).
(b) For every f € C(X, 8), there is a unique g € C(Y, n) such that
f=gok
©) If (Z, ¢) is a compact Hausdorff quasi-proximity space, and if
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¢: X — Z is a quasi-proximity mapping, then there is a unique quasi-proximity
mapping y: Y — Z such that ¢ = ) o k.

i) If ((Yy, my), k,) and ((Y,, n,), k,) are compactifications of (X, 8),
then there is a bijection ¢. Y, —> Y, such that k, = ¢ o k, and p and o ! are
quasi-proximity mappings.

ProoF. (i) Let Y consist of all y: C(X, §) — R which satisfy (1)—(3) of
49. Define k: X — Y by

k)N =fx), fECK,8),xEX
For f € C(X, &), define f € B(Y) by

)=y, yev,

and observe that f o k = f. The mapping f + fis easily seen to be additive and
R*-homogeneous and to preserve the lattice operations and the constant func-
tions. We claim that it is also distance-preserving. Let f, g € C(X, 9).

17— 21l = sup {I(F - DK = x € X} = sup{I(f - &)l : x € X} = IIf - ¢gll.

Sete=|f-gl. f-c<g<f+candsof-c<g<f+ec, ie lf-2l<c
Thus the set K = {f: f € C(X, 8)} is a closed lattice cone on Y and so defines
a quasi-proximity 7 on Y. We now proceed to show that ((Y, 1), k) is a com-
pactification of (X, 8). K obviously separates the points of Y and so 7(n) is
Hausdorff. Let {y;};,c; be a net in Y. It is a simple consequence of the
Tychonoff product theorem that {¥,;},c; has a subnet {y,-].},-e, such that
{y,l(f)}je, converges for all f € C(X, §). The function y: f + lim; y,](f) be-
longs to Y and by 4.7, { Yij }: jes T(n)-converges to y. Thus (Y, n) is compact
Hausdorff. Let 4, B C X. By 4.1(ii) and the identity f o k = f we have:

A5 B inff[A] <supf[B] alf€ C(X,?)
= inf f[k[A]] <supf[k[B]] allf€C(X,5)
<= infk[k[A]] <supk[x[B]] allk €K
<= k[4] nk[B].

Thus k[A] nk[B] iff A 8 B. It remains only to prove that x [X] is dense in Y.
Let U be a nonvoid open subset of Y and suppose U N k[X] = &. By 4.7 there
are f, g € C(X, 8) such that g # {y € Y: f() > 0> ()} CU. Since UN
k[X] = 2, for each x € X, either f(k(x)) < 0 or §(k(x)) = 0. It follows that
(=) Vg=0. Therefore f[<f+(-f)Vg=0V(f+gandsof<OV

(f + 8. There is a y € Y such that {y) > 0 > 2(»). 0 < fy) <
max(0, f(y) + &(»)) implies that f(») + &) = f(») which in turn implies that
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&) 20, a contradiction Thus ((Y, ), k) is a compactification of (X, §).

(ii) Let (Y, ) be a compact Hausdorff quasi-proximity space, and let k:
X — Y be a quasi-proximity mapping.

(@) = (b). The mapping f — f o k is additive and R*-homogeneous, pre-
serves the lattice operations and constant functions, and, since k [X] is dense in
Y, preserves distance. Thus the set K = {f o k: f€ C(Y, n)} is a closed lattice
cone on X and so defines a quasi-proximity ' on X. Since K = C(X, 8") we
shall be done once we show that § = §'. Let 4, B C X.

A8 B<=k|A] nk[B] <= inff[k[4]] <supf[k[B]] forall f€ C(Y, n)
< infk[4] <supk[B] forallk EK <> A5'B.

(b) = (c). For f€ C(X, 6), let f be the member of C(Y, 1) such that f =
fok. Let (Z ¢)be a compact Hausdorff quasi-proximity space, and let 9: X —
Z be a quasi-proximity mapping. For y € Y, the mapping f + (f o v)"(y) from
C(Z, ©) to R is additive and R* -homogeneous and preserves the lattice operations
and constant functions. By 4.9 there is a unique Y(¥) € Z such that (f o ¢)"(»)
=f(Y@)) forall FEC(Z, ). ForfEC(Z, $),(fo ¢)y €C(Y, ) and so by
4.2, ¥ is a quasi-proximity mapping. Let x € X. For f€ C(Z, ¢),

FW ° k)x) = (f ° o) k(X)) = (f ° 9)x) = f(9(x)).

Since C(Z, ¢) separates the points of Z, we have (¥ o k)(x) = ¢(x). Thus Y o k
= . Suppose §: Y — Z is a quasi-proximity mapping such that 6 o k = ¢. For
fECEZ, t),fo0ECY,n)and (fo8) ok =foypso that fod must be (fo ).
It follows that f(0(¥)) =f(Y(y)) forall FEC(Z,{)and y €Y, ie. 0 = Y.

(©) = (a). By (i) (X, &) has a compactification, say ((Y', #'), k’). We know
that (a) = (c) and so there is a unique quasi-proximity mapping y': Y' — Y
such that Y’ o k’ = k. By hypothesis there is a unique ¥: ¥ — Y' such that
k'= Yo K. ¥ oy and id, (= the identity mapping of ¥ to Y) are quasi-prox-
imity mappings of Y to itself such that (Y’ o $) ok =idyok =k and so Y' o ¥
=idy. Likewise ¥ o ¥’ = idy.. It follows that ((Y, 1), k) is a compactification
of (X, 9).

(iii) is a consequence of the implication ‘(a) = (c)’ in (ii).

4.11. COROLLARY. Let (X, &) be a quasi-proximity space, and let ((Y, 1), k)
be a compactification of (X, 8).
(i) « is a continuous open mapping of X onto k[X].
(ii) « is injective iff (X, 8) is Hausdorff.

ProOF. (i) « is continuous by 4.8. Let x € U € 7(6). We must show the
existence of a V € 7(n) such that k(x) € V Nk [X] C k[U]. By 4.7(iii) there
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exist f, g € C(X, 6) such that x € {w € X: f(w) >0 >g(w)} C U. By (ii) of
4.10 there exist f, £ € C(Y, n) such that f=fok andg=F o k. Set V =
{r € Y: f») > 0> §0)}.

(i) Forx, y €X, k(x) = k(y) = {k(x)} n {k(g)} and {k(»)} 1 {K(x)}
<= {x} 8 {y} and {y} & {x} = f(x) = f(¥) for all f € C(X, §). Since (X, §)
is Hausdorff iff C(X, §) separates points, we are done.

5. Ordered topological spaces and their compactification. The results in
this section were announced in [4]. We begin with some definitions and ele-
mentary facts about ordered topological spaces.

S.1. DEFINITION. An ordered topological space is a triple (X, 7, <) con-
sisting of a set X, a topology 7 on X, and an order < on X, that is, a transitive,
reflexive, antisymmetric binary relation < on X, which is closed, that is, <is a
closed subset of X x X when the latter is given the product topology.

5.2. PROPOSITION. The topology of an ordered topological space is Haus-

dorff.

Proor. [15, p. 25].

5.3. DEFINITION. Let X be an ordered topological space (whenever possi-
ble we shall omit explicit mention of the topology of an ordered topological
space and shall denote the order by <). An order compactification of X is a
pair (Y, k) consisting of a compact ordered topological space Y and a mapping
k: X — Y such that

®  is a topological embedding,

® g is an order embedding, i.e. k(x) < k(p) iff x <y,

® k[X] is dense in Y.

We shall call two order compactifications (Y, ;) and (Y,, k,) of X equivalent
if there is a mapping ¢: Y, — Y, such that k, = ¢ o k, and y is an order ho-
meomorphism, that is, ¢ is an order embedding and a homeomorphism.

It is our object to determine which ordered topological spaces have order
compactifications and to descrite the order compactifications of such spaces.
The key to the construction and classification of order compactifications is the
notion of a compatible quasi-proximity, which we now proceed to define. We
first show that if (X, &) is a Hausdorff quasi-proximity space, there is a natural
order <; on X such that (X, 7(§), <;) is an ordered topological space.

54. PrRoPOSITION. Let (X, 8) be a quasi-proximity space. Then the binary
relation <g on X defined by

x5y = {x}s {»}
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is transitive, reflexive, closed with respect to 7(8), and, if (X, 8) is Hausdorff, is
antisymmetric.

ProoF. By 4.1(ii) x <5 y iff f(x) <f(¥) for all f€ C(X, §). It follows
immediately that < is transitive and reflexive and, since the members of C(X, 8)
are 7(8)-continuous, closed. Since (X, §) is Hausdorff iff C(X, &) separates points,
<; is antisymmetric if (X, 8) is Hausdorff.

5.5. DEFINITION. Let X be an ordered topological space. We shall call a
quasi-proximity & on X compatible if 7(8) is the topology of X and < is the or-
der of X.

If X is an ordered topological space, § a compatible quasi-proximity on X,
and if ((, 7), k) is a compactification of (X, 8), then ((Y, 7(n), <), k) is an or-
der compactification of X: «k is a topological embedding by 4.11, and obviously
k is an order embedding. Thus, if an ordered topological space has a compatible
quasi-proximity, then it has an order compactification. The converse of this
statement is also true, but before taking up this matter we prove the crucial re-
sult that a compact ordered topological space has exactly one compatible quasi-
proximity. We begin with the simpler problem of unicity.

5.6. DEFINITION. Let X be an ordered topological space. A function f: X
—> R is increasing if f(x) < f(y) whenever x <y. C(X, <) denotes the set of
all bounded, continuous increasing functions on X.

5.7. PropPOSITION. Let X be an ordered topological space.
(i) C(X, <) is a closed lattice cone on X.
(i) If & is a compatible quasi-proximity on X, then C(X, §) C C(X, <).
(iii) If X has a compatible quasi-proximity, then the quasi-proximity de-
fined by C(X, <) is also compatible.

ProOF. (i) is easily verified.

(i) The members of C(X, 8) are <j-increasing, and by 4.7(iii) they are
7(8)-continuous. By the definition of compatibility C(X, §) C C(X, <).

(iii) Let 8 be a compatible quasi-proximity on X, and let n be the quasi-
proximity defined by C(X, <). By the Characterization Theorem C(X, 1) =
C(X, <). By 4.7(iii) 7(n) is the smallest topology on X which renders the mem-
bers of C(X, <) continuous. 7(8) is the topology of X and so 7(8) O 7(n). On
the other hand C(X, §) C C(X, <) and so the members of C(X, &) are 7(n)-con-
tinuous. Thus, again by 4.7(iii), 7(n) D 7(8). Thus 7(n) is the topology of X. If
x <, y, then f(x) < f@) for all fE€ C(X, <) and in particular for all f € C(X, ),
ie.x <5 y. Thus <, is the order of X.

It follows from (iii) of 5.7 that if X is an ordered topological space which
has a unique compatible quasi-proximity, then that compatible quasi-proximity
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must be the one defined by C(X, <). That a compact ordered topological space
has at most one compatible quasi-proximity will follow from the Kakutani-Stone
Theorem (5.9 below). We shall deduce the Kakutani-Stone Theorem from the
following result which will also be useful in the next section.

5.8. TRANSLATION LEMMA. Let (X, 1) be a compact topological space,
and let & be a quasi-proximity on X such that 1(8) C . Then for A, B C X,
A b B iff there exist x € cl,(4) and y € cl(B) such that {x} 5 {y}.

ProOF. If we are given x € cl,(4) and y € cl (B) such that {x} § {y},
then {x} C cl,(4) C cl;_;(4), and {y} C cl,(B) C cl5(B) so that cls-1(4) 8
cs(B). By44 A45B.

Now suppose {x} & {y} for all x € cl,(4),y €cl(B). Set A™ = cl (4),
B™ =cl,(B). Letx €A™. Fory € B, there is, by (Qs), a C, C X such that
{x}86C,and (X~ C)5 {y}. yEX~ cg—1(X ~ C)) = U, €17,(6) C 7. Thus
{Uy: Yy €B7} is a r-open cover of B™ and so there exist y,,...,y, €EB~
such that B~ C UL, Uy, Uy, € Cy, and so {x} gin, i=1,...,n By
Q) {x}&§ UL, U, ;»and hence {x} §B. Thus for each x € 4™, there is a D,
C X such that {x} 6D, and (X ~D,)8B. xEX~cls(D,)=V, E () Cr.
Thus {V,: x € A7} is a T-open cover of A~ and so there exist x,,...,x,, €
A" such that A C U, V. Vo, CX~D,andso Vo, 8B, i=1,...,m
By (Q3) (UL, Vx;) 8B and hence 4 § B.

59. KAKUTANI-STONE THEOREM. Let X be a compact topological space,
and let K be a lattice cone of continuous functions on X. Then cl(K) consists of
all f € C(X) such that f(x) < f(y) whenever x, y € X and g(x) < g(y) for all g
€K

Proo¥F. Clearly, if f € cl(K), then f(x) < f(¥) when g(x) < g(») for all g
€ K. Now suppose f € C(X) is such that f(x) < f(»y) whenever g(x) < g(») for
all g €K. Let § be the quasi-proximity defined by K. By the Characterization
Theorem cl(K) = C(X, 8), and so we must show that inf f[4] < sup f[B] when-
ever 4 6 B. Accordingly, let A 5 B. By 5.8 there exist x € cl(4) and y € cl(B)
such that {x} & {y}. By 4.1(ii) g(x) < g(») for all g € K, and so f(x) < f(»).

inff[4] = inf f[cl(4)] <f(x) <f() < supf[cl(B)] = sup f[B].

5.10. COROLLARY. A compact ordered topological space has at most one
compatible quasi-proximity.

PrOOF. Let X be a compact ordered topological space and let § be a com-
patible quasi-proximity on X. Let f€ C(X, <) and let x, y € X be such that
&(x) <g(») for all g € C(X, §). By 4.1(ii) {x} & {»},ie.x <y and so ix) <AY).
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Thus f € C(X, &) and so § is the quasi-proximity defined by C(X, <).

Thus if a compact ordered topological space X is to have a compatible
quasi-proximity, the quasi-proximity § defined by C(X, <) must be compatible.
We shall deduce the compatibility of § from the following interposition theorem.

5.11. THEOREM. Let (X, <) be a compact ordered topological space, and
let L(X, <) (resp. U(X, <)) be the set of bounded, increasing lower (resp. upper)
semicontinuous functions on X. Then C(X, <) interposes (U(X, <), L(X, <)).

PROOF. One easily sees that U(X, <) = cn(A) and L(X, <) = cn(B), where
A and B are, respectively, the set of closed increasing (A4 C X is increasing iff 1 ,
is increasing) subsets of X and the open increasing subsets of X. Obviously,
(X, <) = cn(A) N cn(B), and so we may apply 3.8. Accordingly, let 4 € A,
B € B,and let A C B. Let U be an open subset of X and let F be a closed sub-
set of X such tht A CUCFCB. SetA'= {x€X: 3y EF 3y <x},and
set B' = {x €EX: x <y =y € U}. Clearly, A' and B' are increasing, and 4 C
B'CUCFCA' CB. We must show that A’ and X ~ B’ are closed. Let
{x;},c; be a net in A’ (resp., X ~ B") which converges to x. For each i €1, let
y; EF (resp., y; € X ~ U) be such that y; < x; (resp., x; <y;). Lety be a
cluster point of {y;};c;- Theny <x (resp.,x <y)andy €F (resp,y EX~U)
and so x € A’ (resp., x €EX ~ B").

5.12. COROLLARY. The quasi-proximity defined by C(X, <) is compatible.

PROOF. Let 7 be the topology of X, and let § be the quasi-proximity de-
fined by C(X, <). 7D 7(8), and so we shall have that 7 = 7(§) once it is shown
that 7(5) is Hausdorff, i.e., that C(X, <) is separating. Now, it is enough to show
that x < y whenever f{x) < f{y) for all f € (X, <). Of course, this will also
show that < and <; are the same. Accordingly, let x £y. Set 4 = {z € X:

x <z}, and set B= {z €X: z<y}. 1, is upper semicontinuous and increasing,
15~ p is lower semicontinuous and increasing, and 1, < 1y.g. By 5.11 there
isan f€ QX, ) such that 1, K f< 1y_p. fIX)=1>0=1p).

It will be convenient to have a description of § which does not involve
C(X, <). This is done via the Kuratowski closure operators cl; and cl; defined
as follows.

5.13. DEFINITION. Let (X, <) be an ordered topological space. For 4 C X,
let cl,(4) (resp., cl;(4)) be the intersection of all closed increasing (resp., decreas-
ing) subsets of X which contain 4.

5.14. THEOREM. Let (X, <) be a compact ordered topological space. Then
the compatible quasi-proximity & on X is given by

A8 B d4) N d,B)#2.
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PROOF. (¢) Let f€ ((X, <), and set C = {x € X: fix) = inf f[A]},

D= {x€X: fix) <sup f[B]}. A C Cand Cisa closed increasing subset of X
so that cl,(4) C C. Likewise, cl;(B) C D. Thus C N D # &, and so there is a
¥ € X such that inf f[4] < f{y) < sup f[B]. By 4.1(ii) 4 § B.

(®) 1 ;(a4) is increasing and upper semicontinuous, 1y~ 4(B) is increasing
and lower semicontinuous, and L) < lx~a 2(B)> and so by 5.11 there is an
fé?_C(X, <) such that 1¢y,4) SF< lx~cyx)- fis 1 on A4 and 0 on B so that
ASB.

Now let X be an ordered topological space, and let (Y, k) be an order com-
pactification of X. Let n be the compatible quasi-proximity on Y, and define the
binary relation 8 on 2% by

A8B<=«kl[Al nk[B].

We shall see that § is a compatible quasi-proximity on X and that ((Y, n), k) is a
compactification of (X, §). This latter fact will be used to show that, up to
equivalence, (Y, k) is determined by §. Note that an ordered topological space
has an order compactification iff it has a compatible quasi-proximity, and by
5.7(iii) an ordered topological space X has a compatible quasi-proximity iff the
quasi-proximity defined by C(X, <) is compatible. These considerations lead us
to the following

5.15. DEFINITION. An ordered topological space (X, 7, <) is a completely
regular ordered topological space if

® 7 is the smallest topology on X which renders continuous the members
of C(X, ),

e forx, y € X, x <y iff f(x) <f(y) for all fE€ C(X, <).

Completely regular ordered topological spaces were introduced by Nachbin
who proved that they are those spaces which have order compactifications [15,
Appendix, §2].

5.16. ORDER COMPACTIFICATION THEOREM. Let X be an ordered topolog-
ical space.
(i) X has an order compactification iff it is a completely regular ordered
topological space.
(i) If (Y, k) is an order compactification of X, then the binary relation &
on 2% defined by

AdB<=cli(k[A]) N cy(x[B]) # &
is @ compatible quasi-proximity on X and is called the quasi-proximity associated
with (Y, k).
(iii) If 6 is a compatible quasi-proximity on X, then there is an order com-
pactification of X whose associated quasi-proximity is §.
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(iv) Two order compactifications of X are equivalent iff they have the
same associated quasi-proximity.

ProOF. (i) The ‘if* part of (i) follows from (iii) and the fact that the
quasi-proximity defined by C(X, <) is compatible. The ‘only if* part of (i) fol-
lows from (ii) and 5.7(iii).

(ii) Let n be the quasi-proximity on Y defined by

AnB <= cl,(4) N cdy(B) # 2.

By 5.14 n is compatible, and by 5.10 C(Y, 1) = C(Y, <). Thus for 4, B C X,
A 8 B iff inf(f o k)[A] < sup(f o k)[B] for all f € C(Y, <), i.e. § is the quasi-
proximity defined by the lattice cone K = {f o k: f€ C(Y, <)}. Since k[X] is
dense in Y, the mapping f + fo k of C(Y, <) to C(X, <) is distance-preserving
and so K is closed. Thus K = C(X, 8). By (ii) of the Csdszar Compactification
Theorem ((Y, 1), k) is a compactification of (X, 8). Since k is injective, it is, by
4.11, a topological embedding with respect to 7(6) and 7(n). Since k is also a
topological embedding with respect to the topology of X and 7(7), 7(8) is the
topology of X. Forx, y € X,

x <y = k@) <k@) = {kX)} 1 {kO)} = {x}§ P} =x <.

Thus & is compatible.

(iii) Let & be a compatible quasi-proximity on X. Let ((¥, 1), k) be a
compactification of (X, 8). ((Y, (n), <;), k) is an order compactification of X
(see the remarks following 5.5), and its associated quasi-proximity is §.

(iv) Let (Y,, «,) and (Y, k,) be order compactifications of X which have
the same associated quasi-proximity, 8. Let n; be the compatible quasi-proximity
on Y, i=1,2. In the proof of (ii) we saw that ((¥;, n;), k;) is a compactifica-
tion of (X, §), i = 1, 2. By (iii) of the Csdszdar Compactification Theorem there
is a bijection ¢ of Y, to Y, such that ¢ o k; =k, and both v and ¢! are
quasi-proximity mappings. Trivally, ¢ is an order embedding, and by 4.8 p is a
homeomorphism.

5.17. DEFINITION. An order compactification (Y, k) of an ordered topo-
logical space X is called a Nachbin compactification if its order is the smallest
closed order on Y with respect to which & is an order embedding.

Nachbin compactifications are in a sense more “natural” than non-Nachbin
compactifications. For example, if X is a completely regular ordered topological
space whose order is equality, then an order compactification (Y, k) of X' is a
Nachbin compactification iff the order on Y is equality.

We shall now describe the compatible quasi-proximities which are associated
with Nachbin compactifications.
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5.18. PrOPOSITION. Let X be an ordered topological space, and let (Y, k)
be an order compactification of X. Set K = {f € C(Y): fo k € C(X, <)}, and
define the binary relation <' on Y by

x<'ye=f(x)<f(y) foralfEK.

Then <' is the smallest closed order on Y with respect to which « is an order
embedding.

ProoF. <'is clearly closed, transitive and reflexive. Since K D C(Y, <),

<' is also antisymmetric. For x, y € X,
SKOP) = (for)X) < (fok)(y) forall fEK
= k(x) < k).

Thus « is an order embedding with respect to <. Let <" be a closed order on
X with respect to which « is an order embedding. C(Y, <") C K and so x <'
y=>x<"y

x <y <= g(x)

5.19. COROLLARY. If & is the quasi-proximity associated with (Y, k), then
(Y, k) is a Nachbin compactification iff C(X, §) = {fo k: fE C(Y)} N C(X, <).

Proor. If (Y, k) is a Nachbin compactification, then by the Kakutani-
Stone Theorem K = C(Y, <), and so by (ii) of the Csdszdr Compactification Theo-
rem C(X, 8) = {fok: fEK} = {fok: fEC(Y)} N C(X, <). Now suppose
CX, 8)={for:fECINCX, ). Letx, yE Y, x<y. Let fEK. fo
k € C(X, 8) and so f€ C(Y, ). Thus f(x) < f(y). It follows that x <' y.

Hence <’ and < are the same.

It follows from 5.19 that once we have a description of {fo k: f € C(Y)}
solely in terms of § we shall have a condition on § necessary and sufficient for
(7, k) to be a Nachbin compactification. Such a description is provided by

5.20. PROPOSITION. Let X be an ordered topological space, (Y, k) an order
compactification of X, and let § be the associated quasi-proximity. Then {f o k:
FEC(} = (C(X, 8) - C(X, 8)).

Proor. First, we prove that ¥ = C(X, 8) — C(X, &) is a vector sublattice
of B(X). Clearly, V is a linear subspace of B(X). Let f, g €V, say f = fi—f8=
81 8 fVe=Wfi t&)V ik tH)-(f, t&)EVadfAg=
“((NHV(EE)EV. c(V) is a closed vector sublattice of B(X) and so L =
{feq(Y): fok €cl(M)} is a closed vector sublattice of C(Y). L contains constant
functions. By the Kakutani-Stone Theorem and the fact that L = —L, L consists of
f € C(Y) such that f(x) = f(y) whenever x, y € Y and g(x) = g(y) for all g € L.
L D C(Y, S and so if g(x) = g(y) for all g € L, then x = y. Thus L = C(Y).

In view of 5.19 and 5.20 the following theorem is obvious.



92 JORG BLATTER AND G. L. SEEVER

5.21. NACHBIN COMPACTIFICATION THEOREM 1. Let X be an ordered topo-
logical space, (Y, k) an order compactification of X, and let 5 be the associated
quasi-proximity. Then (Y, k) is a Nachbin compactification iff the only increas-
ing members of cl(C(X, 8§) — C(X, §)) are the members of C(X, §).

We can reformulate 5.21 in such a way that no mention is made of C(X, §).
Among all proximities p on X (recall that a proximity is a symmetric quasi-prox-
imity) with the property that A § B (and B § 4) whenever A p B, there is a
largest, the symmetrization of &, which we denote by §°. Namely, &° is the
quasi-p}oximity defined by C(X, 6) — C(X, 8). It follows from the Characteriza-
tion Theorem that cl(C(X, §) — C(X, §)) = C(X, §%). In the following definition
we give a condition on & which will insure that (Y, k) is a Nachbin compactifica-
tion.

5.22. DEFINITION. Let (X, §) be a quasi-proximity space. We shall say
that & has the property (x) iff n = & whenever 7 is a quasi-proximity on X such
that  C§, <, D < ,and 7 = §°.

5.23. NACHBIN COMPACTIFICATION THEOREMIL. Let X be an ordered topo-
logical space, (Y, k) an order compactification of X, and let & be the associated
quasi-proximity on X. Then (Y, k) is a Nachbin compactification iff & has the
property ().

PROOF. Let n be the quasi-proximity on X defined by C(X, <) N {f o k:
fFECY)}. Since C(X, §) C C(X, n) C C(X, 6°),n° = &% and n C §. Since
C(X, 8§) C C(X, n) C C(X, <), n is compatible. Finally, C(X, §) C C(X, ) C
CX, QN {fok: fE€CY)}. The theorem now follows.

It is possible to define §° without reference to C(X, &) (see [6, p. 20]),
but this description is, to say the least, cumbersome. It would be quite desirable
to obtain a simple condition on § which would be necessary and sufficient for
(Y, k) to be a Nachbin compactification of X.

5.24. DEFINITION. Let X be an ordered topological space, and let (Y, k)
and (Y,, k,) be order compactifications of X. We shall say that (Y, k,) is
greater than (Y,, «,) if there is a 9: Y| — Y, such that

® o is continuous,

® y is order-preserving, i.e. x < y = ¢(x) < o(¥),

[ ] Ky =@oK,.

5.25. THEOREM. Let X be an ordered topological space.

(i) If (Y;, «;) is an order compactification of X with associated quasi-
proximity 8, i =1, 2, then (Y, k) is greater than (Y,, k,) iff 8, C §,.

(ii) If K is a nonempty set of order compactifications of X, then there is
an order compactification of X which is greater than every member of K and is
smallest among all such compactifications.
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ProoF. (i) Suppose 8§, C §,. Let n, be the compatible quasi-proximity
onY;,i=1,2. A6, B=A8,B =«k,[A] n, k,[B] and so k, is a quasi-prox-
imity mapping of (X, 6,) to (Y,, n,) and so by (ii) of the Csdszar Compactifica-
tion Theorem there is a quasi-proximity mapping ¢: Y, — Y, such that x, =
¢ o K. yisa continuous order-preserving mapping. Thus (Y, k) is greater
than (Y,, k,). Now suppose we are given that (Y,, k,) is greater than (Y,, k,).
Let p: Y, — Y, be continuous, order-preserving and such that x, = g o k.
Let A 52 B. By the Characterization Theorem and by (ii) of the Csdszdar Com-
pactification Theorem there is an f € C(Y,, <) such that fo k, is 1 on 4 and 0
onB. fop€EC(Y,,<andfoypislonk, [4] and 0 on «, [B],ie. 43, B.
Thus 6, C3,.

(ii) Let A be the set of all quasi-proximities on X which are associated
with members of K. Let K, be the intersection of all closed lattice cones on X
which contain U; A C(X, 8), and let 8, be the quasi-proximity defined by K.
8 is compatible and any order compactification associated with 8, will have the
desired properties.

6. An approximation theorem. This section is devoted to proving the
Approximation Theorem (6.2 below) and to deriving as a corollary an extension
of a well-known result of Nachbin [15, Appendix, §5, Theorem 6]. A different
proof for part of the Approximation Theorem has been given in [3].

6.1. DEFINITION. Let X be a set, S a nonvoid subset of B(X), and let f €
B(X). The distance of f to S is defined to be the number dist(f, S)=inf{llf—gli:
g ES}.

6.2. APPROXIMATION THEOREM. Let X be a set, X, a subset of X, K a
closed lattice cone on X, § the quasi-proximity defined by K, and let K, = {f €
K: flX, = 0}. Then for f € B(X), dist(f, K) is the largest of the numbers

sup {%(inff[4] —sup f[B]): A & B},

sup {inf f[4]: 45 X},

sup {~sup f[B]: X, & B}.(")
and there is a ky, € K, such that |\f — kyll = dist(f, K,).

Proor. Set d = dist(f; K,), and let m be the largest of the above num-
bers. We first show that d = m and then complete the proof by showing the
existence of a k, € K, such that [|[f - kol <m. Letk €K, and setd' =
llk = fll. We must show that d' = m. If A § B, then by 4.1(i), inf k[4] <
sup k[B] so that

inf f[A] —d' <infk[A] <supk[B] <supf[B] +d’,

(7) In the case that Xo = &, the two suprema involving X are taken to be 0.
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ie. 2d' > inf f[A] — sup f[B]. Thus
d' > sup{%(inff[4] —sup f[B]) : A8 B}.

If A8 X, then again by 4.1(i), inf k[4] <supk[X,] = O and so inff[4] - d’
<infk[d] <0, ie.d >inff[A]. Thusd' >sup{inff[A]: 4§ X,}. Likewise
one sees that d' > sup{~f[B]: X, 8 B}. Thusd' >m. It follows that d > m.
Now we show the existence of k,. Define f, f* € B(X) by

fx)-m, x€X~X,, fx)+m, x€X~X,,
f*x) =

0, x € X,.

folX) = {

0, x €X,,
Suppose for the moment we have a k € K such that f, <k < f*. Certainly, k
€ K,. We claim that |f - k|l <m. Clearly, |f—k|<monX~X,. Letx €
X,. {x} & X, implies that f(x) <m, and X, & {x} implies that —f(x) < m.
Thus |f - k| <m on X,. Consequently, we need only find such a k, and to this
end it suffices, by the Interposition Theorem, to show that fy <, f*. Letr, s €
R, r <s. Suppose it is false that {x: f(x) = s} <g {x: f*(x) =71}, ie. {x:
fe(®) =5} 8 {x: fo(x) <r}. Since |f(x)| <m for x € X, we have

x:fx)=s+m}ux, s<0,

{x: fux) 25} =
{x: fx) =s + m}, s>0,

{x: f(x) <r-m}, r<o,
x:fx)<r-mjux,, r>0.
Set A = {x: f(x) =s +m}, B= {x: f(x) <r—m}. We consider, in order, the

casesr<s<0,r<0<s5,0<r<s.
r<s<0. (AV X,)6Bandso A5Bor X, 5B. Incase A5 B, we have

{x: f*x) <r} = {

m2Y%(nff[A] —supf[B])>%(s+m)=m+ %(s-r)>m,
and in case X, § B we have
mz2-supf[B] Z-r+m>m.

This disposes of the case that r <s < 0.

r <0 <s In this case we have 4 6§ B which, as we have already seen,
leads to a contradiction. So much for the case r <0 <s.

0<r<s. A§(BUX )andsoA5BorAS X,. We have already seen
that A §B. Thus 4 § X,. m >inff[4] >s + m, our final contradiction.

63. CorOLLARY. If X is a compact topological space, K C C(X), and if



INTERPOSITION AND LATTICE CONES OF FUNCTIONS 95

f € C(X), then dist(f, K,) is the largest of the numbers

sup {%£(f(x) - f0)): {x} & {y}},

sup {f(x): {x} 8 Xy},

sup {-f(x): X, & {x}}.

PrOOF. By the theorem the largest of the above numbers does not exceed
dist(f, K,). Let A § B. By the Translation Lemma, 5.8, there exist x € cl(4)
and y € cl(B) such that {x} § {y}. f(x)—f(y) =inff[4] —sup f[B]. Thus

sup {%(f(x) — f()) : {x} & {y}}= sup{%(inff[4] — supf[B]) : A5 B}.

Likewise we see that

sup {f(x) :{x} 6§ X,} = sup{inf f[A] : 48 X,}

and

sup{—f(x) : X, & {x}} = sup{~inf f[B] : X, & B}.

64. COROLLARY (NACHBIN [15, APPENDIX, §5, THEOREM 6]). Let X be a
compact topological space, K a closed lattice cone of continuous functions on X,
and let f € C(X). Then

dist(f, K) = sup{4(f(x) - f()) : x, y € X, k(x) < k(y) all k €K},
and there is a k € K such that dist(f, K) = ||If — kl|.

6.5. COROLLARY. If X is a set, and if A is a closed subalgebra of B(X),
with or without identity, then for f € B(X), there is a g € A such that dist(f, A)

=|lf-gll.

PrOOF. The hypotheses of 6.2 are satisfied by K =4 + R - 1y and X, =
{x: g(x) = 0 for all g € A}. In this case K, = A.

In connection with 6.5 see [16], [12], [13], and [1, Chapter 3]. It is
shown in [1, 3.22-3.25] that the condition “4 is a closed subalgebra of B(X)”
of 6.5 cannot be replaced by the condition “A is a closed vector sublattice of
BX)”.
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